We introduce and investigate notions of persistent homology for p-groups and for coclass trees of p-groups. Using computer techniques we show that persistent homology provides fairly strong homological invariants for p-groups of order at most 81. The strength of these invariants, together with some of their elementary theoretical properties, suggest that persistent homology may be a useful tool in the study of prime-power groups. In particular, we ask whether the known periodic structure on coclass trees is reflected in a periodic structure on the persistent homology of p-groups in the trees.
Introduction
Persistent homology is a tool from applied topology that was introduced for studying qualitative properties of large empirical data sets; see [4] . At its simplest, the idea is to impose some metric on a data set X , choose an appropriate sequence of metric space inclusions X ¼ X 0 H X 1 H X 2 H Á Á Á H X N , and then study the behaviour of the induced homology maps H n ðX 0 ; FÞ ! H n ðX 1 ; FÞ ! H n ðX 2 ; FÞ ! Á Á Á ! H n ðX N ; FÞ in a given degree n. The coe‰cients F are typically chosen to be a field. Such a sequence of linear maps is then determined, up to isomorphism, by an upper triangular matrix P n ¼ ðp i; j Þ with p i; j the dimension of the image of the map H n ðX i ; FÞ ! H n ðX j ; FÞ. In particular p i; i is the dimension of H n ðX i ; FÞ. The matrix P n contains information on the extent to which homology n-cycles persist through lengths of the induced sequence. Cycles that persist for a significant length are deemed to be significant and, for appropriately chosen X i , are likely to represent some qualitative feature of the initial data set X . Cycles that persist for only a short length are deemed to be less significant.
Persistent homology analysis can be applied to any data set X for which we have a suitable topology, and for which we have a meaningful sequence of topological inclusions. It provides a concise set of numerical descriptors for homological features of (the sequence of inclusions associated to) X . In this paper we investigate the potential of applying the idea to groups and particularly to finite p-groups.
We can view the elements of a group G as being the vertices of a Cayley graph. Furthermore, we can view the Cayley graph as the 1-skeleton of the universal cover EG of a classifying CW-space BG. We set X ¼ BG and construct an inclusion X ,! X 1 from any surjective group homomorphism f : G ! ! Q with X 1 ¼ BQ a classifying space obtained by attaching cells to BG. A sequence of inclusions X ,! X 1 ,! Á Á Á ,! X N corresponds to a sequence G ! ! Q 1 ! ! Q 2 ! ! Á Á Á ! ! Q N of surjective group homomorphisms, or equivalently, to an increasing sequence
We focus on finite prime-power groups G, and on the following five normal series in such a group G:
These five series can be regarded as functors from the category whose objects are groups and whose arrows are surjections of groups, to the category whose objects are sequences of group homomorphisms and whose morphisms are commutative diagrams of groups. So, for instance, we view Z as a functor which sends a surjection G ! Q to the following commutative diagram. For F equal to any of L, L p , D, Z, Z p we define the persistence matrix P F n ðGÞ ¼ ðp i; j Þ to be an upper triangular matrix. For F equal to Z or Z p and i d j the entry p i; j is the dimension of the image of the map h i; j : H n ðBðG=F i ðGÞÞ; F p Þ ! H n ðBðG=F j ðGÞÞ; F p Þ:
For F equal to L, L p or D and i d j the entry p i; j is the dimension of the image of the map h i; j : H n ðBðG=F j ðGÞÞ; F p Þ ! H n ðBðG=F i ðGÞÞ; F p Þ:
The family H F n ðGÞ ¼ fh i; j g idj is called a persistence module and is a functorial invariant of the group G. Two persistence modules are isomorphic if and only if the corresponding persistence matrices are identical.
Our aim is to investigate the extent to which persistence matrices can be used to capture the structure of finite p-groups. For instance, we derive some elementary theoretical results aimed at understanding the nature of the group-theoretic information contained in persistence matrices; even the simplest terms of the persistence data yield useful information. In addition we study, by means of computer techniques [6] , [7] , [8] , [9] the strength of persistent homology as an invariant of groups. We establish that the degree seven upper central series persistence matrix P Z 7 ðGÞ yields 181 distinct matrices when G ranges over the 267 groups of order 64. Furthermore, the groups of order 64 give rise to 187 distinct infinite sequences P Z Ã ðGÞ ¼ ðP Z n ðGÞÞ nd1 . We give analogous statistics for each of the five series F and all prime-power groups of order at most 81. We believe that the theoretical properties of persistence matrices, in conjunction with their apparent strength as group invariants, suggest that persistent homology may be a convenient tool in the study of prime-power groups. In particular, we end the paper with the question of whether the known periodic structure on coclass trees is somehow reflected in a periodic structure on the persistent homology of p-groups in the trees.
Examples and properties of persistence
Consider the dihedral group D 32 of order 64. Using algorithms recently implemented in the group cohomology package [9] for SAGE (see [8] for an overview of its algorithms) or the GAP homological algebra package HAP [6] (see [7] for an overview of its algorithms) one can compute the lower central series persistence matrix of D 32 in degree 2 to be P L 2 ðD 32 Þ ¼
The first row of this matrix implies that H 2 ðD 32 ; F 2 Þ has dimension 3, and that precisely two basis elements persist (i.e. remain non-zero) under the induced maps
The second row implies that H 2 ðD 32 =L 5 ðD 32 Þ; F 2 Þ has a basis of three elements, precisely two of which persist under the induced maps H 2 ðD 32 =L 5 ðD 32 Þ;
The matrix is represented by the persistence bar code shown in Figure 1 (b) and, in fact, can be reconstructed from the information in this bar code. We regard a persistence bar code as a directed graph whose vertices are arranged in columns, whose edges connect certain pairs of vertices in neighbouring columns, and where all edges are horizontal and directed away from the first column. The use of bar codes for describing persistence matrices was introduced by Carlsson et al. in [2] .
Persistence bar codes for the matrices P L n ðD 32 Þ, n ¼ 1; 3, are given in Figures 1 (a) , (c). Persistence bar codes for the matrices P L n ðQ 32 Þ, n ¼ 1; 2; 3, associated to the quaternion group of order 64 are given in Figure 2 . Persistence bar codes for the matrices P L n ðQD 32 Þ, n ¼ 1; 2; 3, associated to the quasi-dihedral group of order 64 are given in Figure 3 . (Recall that for every n d 4 there are exactly four isomorphism types of nonabelian groups of order 2 n with a cyclic subgroup of index 2. Precisely three of these have nilpotency class n À 1, namely the dihedral group, generalized quaternion group and the quasi-dihedral group.) We are interested in the extent to which group-theoretic information is retained by persistence matrices for the functors L, L p , D, Z, Z p . We shall let F denote any one of the above five functors and let F i ðGÞ denote the i-th term in the corresponding normal subseries of G. Proposition 1. Let G be a finite p-group.
(i) For F any of the above five functors the first persistence matrix P F 1 ðGÞ determines the minimal number of generators of G=F i ðGÞ for all i d 1.
(ii) For F ¼ L or Z the first persistence matrix P F 1 ðGÞ determines the nilpotency class of G.
(iii) For F ¼ L p or Z p the first two persistence matrices P F 1 ðGÞ and P F 2 ðGÞ determine the order of G.
Proof. Assertion (i) follows since the dimension of the vector space
is equal to the minimal number of generators of G=F i ðGÞ. This dimension is the entry p i; i in the first persistence matrix. Assertion (ii) is just the observation that the number of columns in the persistence matrix is by definition equal to the length of the upper or lower central series of G. We prove assertion (iii) just for the functor F ¼ Z p . We use induction on the length k of the upper p-central series. If k ¼ 1 then G is the trivial group. If k ¼ 2 then G is an elementary abelian p-group of order p d where d can be determined by (i). As an inductive hypothesis suppose that the assertion is true when the upper p-central series has length k. For G a group with upper p-central series of length k þ 1 we set Q ¼ G=Z p 1 ðGÞ. The five-term natural exact homology sequence
allows us to determine the dimension of the vector space Z p 1 ðGÞ from the first two upper p-central persistence matrices. By the inductive hypothesis we can determine the order of Q from these two matrices. Then we have the order jGj ¼ jQj jZ p 1 j as required. r Proof. Suppose that
with each n i d 1. It su‰ces to observe that the bar code for P Z p 1 ðGÞ consists of d horizontal bars, each starting in the first column, the i-th bar reaching as far as the n i -th column. (As an example, this bar code is given in Figure 4 for the group
The observation can be proved by induction on the length k of the upper p-central series. If k ¼ 1 then the persistence matrix has just one entry, namely the dimension of the elementary abelian group G. In general we set Q ¼ G=Z p 1 ðGÞ and assume our description of the bar code for P Z p 1 ðQÞ. The surjection G ! Q of abelian groups induces a surjection in first homology H 1 ðG; F p Þ ! H 2 ðQ; F p Þ. The bar code for P Z p 1 ðGÞ is thus obtained from that for P Z p 1 ðQÞ by adding a new first column of d vertices together with horizontal edges connecting each vertex in the new second column to some vertex in the new first column. r (ii) In the bar code for the second lower central persistence matrix P L 2 ðGÞ every horizontal path starts in the first column.
(iii) In the bar code for the second lower central persistence matrix P L 2 ðGÞ let v be the number of vertices in the j-th column ð j d 2Þ that are not incident with an edge. Set j 0 ¼ c þ 2 À j where c is the nilpotency class of G. Then v is the dimension of the vector space L j 0 ðGÞ=L j 0 þ1 ðGÞ n F p . (In particular, the number of vertices in the right-most column not incident with an edge is equal to the rank of L 2 ðGÞ=L 3 ðGÞ n F p .) 
Proof. Assertion (i) follows from the canonical isomorphisms
that arise as part of the five-term exact sequence in mod-p homology. These two sequences imply that the two homomorphisms H 2 ðG=L iþ1 ðGÞ; F p Þ ! H 2 ðG=L i ðGÞ; F p Þ and H 2 ðG; F p Þ ! H 2 ðG=L i ðGÞ; F p Þ have identical images. This identity implies (ii). Assertion (iii) follows from the second of the exact sequences. r 3 Persistence matrices as group invariants Proposition 2 states that P Z p 1 is a complete invariant for finite abelian p-groups. We now investigate the strength of persistent homology as a group invariant for finite prime-power groups of low order. The computations were made using the second author's group cohomology package [9] for the computer algebra system Sage [11] . Where possible, the computations were corroborated using the first author's GAP package [6] . We begin with the following summary of the computations for P F Ã ðGÞ ¼ ðP F n ðGÞÞ nd1 .
Theorem 4. For the 366 groups of order at most 81, (i) P Z Ã partitions the groups into 277 classes with maximum class size equal to 7, (ii) P Z p Ã partitions the groups into 262 classes with maximum class size equal to 8, (iii) P L Ã partitions the groups into 227 classes with maximum class size equal to 7, (iv) P L p Ã partitions the groups into 179 classes with maximum class size equal to 15, (v) P D Ã partitions the groups into 180 classes with maximum class size equal to 13.
A more detailed description of the computations is given in Tables 1 and 2 (1) the number NrðkÞ of isomorphism classes of groups of order k;
(2) the integer pair ðjCj; maxÞ where jCj is the number of classes of groups of order k distinguished by the invariant P F Ã , and max is the maximum size of a class; 
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(3) the smallest integer t for which the invariant P F Ãct ¼ ðP F n Þ nct is as strong as P F Ã on the groups of order k;
(4) an integer triple ðjCj; max; dÞ where jCj is the number of classes of groups of order k distinguished by the matrix P F d , and max is the maximum size of a class (for some choice of d).
Persistence bar codes can sometimes distinguish between very similar groups. Consider for example the two groups G, G 0 of order 64 which are given the identification numbers 158 and 160 in the Small Groups Library [1] that is available in GAP. Their mod-2 cohomology rings H Ã ðG; F 2 Þ and H Ã ðG 0 ; F 2 Þ have the same Poincaré series, the same number of generators and relations sorted by degree, the same depth and the same a-invariants. Both groups have nilpotency class 3 and their upper central series admit isomorphisms Z n ðGÞ G Z n ðG 0 Þ, Z nþ1 ðGÞ=Z n ðGÞ G Z nþ1 ðG 0 Þ=Z n ðG 0 Þ for 1 c n c 3. Their p-upper central series, lower central series, p-lower central series and derived series admit analogous isomorphisms. However, their upper central bar codes shown are di¤erent in degree 3 (see Figure 5 ). One can use integral homology groups in place of mod p homology groups when studying persistence. However, the induced homology homomorphisms H n ð f Þ : H n ðG; ZÞ ! H n ðQ; ZÞ cannot be fully described using the notion of dimension. A partial description is given by the abelian invariants of the source, the target and the cokernel of H n ð f Þ. It is partial due the extension problem. We denote by IP F n ðGÞ the upper triangular matrix whose entry in the i-th row and j-th column ( j d i) is a triple ðA; B; CÞ containing lists of the abelian invariants of the source, target and cokernel of the map H n ðG=F i ðGÞ; ZÞ ! H n ðG=F j ðGÞ; ZÞ. Table 3 indicates the strength of IP Z p Ãct ¼ ðIP Z p n Þ nct as an invariant of the prime-power groups of order at most 81 for t ¼ 3.
Persistence in coclass trees
Recall that a p-group of order p n and nilpotency class c is said to have coclass r ¼ n À c. For a fixed p and r one can consider the graph Gðp; rÞ whose vertices are the p-groups of coclass c; two groups G and H are connected by an edge in the graph if and only if there exists a normal subgroup N c H of order p such that H=N G G. It is not di‰cult to observe that the graph Gðp; rÞ is a forest with infinitely many vertices.
The graph Gðp; rÞ can be stratified into levels by deeming all groups of order p l to be at level l. The graph Gð2; 1Þ is shown in Figure 6 . Its three columns contain, respectively, the dihedral groups of order 2 l , the quaternion groups of order 2 l and the quasi-dihedral groups of order 2 l . Lower central bar codes for the three coclass 1 groups of order 128 are shown in Figures 1, 2, 3 .
Much is known about the graph Gðp; rÞ. A good general reference is the book by Leedham-Green and McKay [10] . A deep theorem (see [10] for details) states that all but finitely many vertices in Gð p; rÞ belong to a finite family of infinite trees. Each infinite tree has a unique maximal path of infinite length. In the case of 2-groups it is known that Gð2; rÞ has bounded width (i.e. there exists some integer f such that any vertex is at most f edges away from the infinite maximal path). In the case of Gð2; 1Þ there is one infinite tree of width f ¼ 2 whose infinite path runs through all the dihedral 2-groups; there is just one 2-group of coclass 1, namely the cyclic group of order 4, which does not belong to the infinite tree.
Given a coclass tree T in Gðp; rÞ we denote by S T the inverse limit of the infinite path. It is known that S T is a p-adic pre-space group. Its translation subgroup is an Table 3 .
Persistent homology of groups abelian normal subgroup T c S T . One defines the relative lower central series T n by
The quotients S T =T n (n d 1) are precisely the groups on the infinite path in T. We want to define the persistent homology of a coclass tree T. Let G l denote the pgroup at level l on the infinite path of a coclass tree T. Let Imðn l; k n Þ denote the image of the canonical homology homomorphism n l; k n : H n ðG lþk ; F p Þ ! H n ðG l ; F p Þ.
Definition 5. The l-persistent homology of T in degree n is the subgroup P l H n ðTÞ ¼ 7 y k¼1 Imðn l; k n Þ of the degree n homology group H n ðG l ; F p Þ.
Note that there is a canonical infinite sequence of surjective homomorphisms Á Á Á ! P lþ2 H n ðTÞ ! P lþ1 H n ðTÞ ! P l H n ðTÞ: ð2Þ Definition 6. We define the persistent homology PH n ðTÞ of a coclass tree T to be the inverse limit of the sequence (2) of surjections.
The philosophy is that PH n ðTÞ should capture some group-theoretic properties that are common to all groups in the tree. Easy results in this direction are parts (ii) and (iv) of the following proposition. Part (i) of the proposition implies that the surjections in (2) are isomorphisms for all su‰ciently large l. Hence PH n ðTÞ ¼ ImageðH n ðG lþ1 ; F p Þ ! H n ðG l ; F p ÞÞ for all groups G l on the infinite path in the tree above a certain level. (iv) A presentation for G yields the low-dimensional terms in a free ZG-resolution R G Ã Z where the ZG-rank of R G 2 equals the number of relators in the presentation. Clearly this rank has to be at least the dimension of H 2 ðG; F p Þ. So (iii) gives the required result. r Persistent homology could easily be computed for some coclass trees. For instance, computer calculations strongly suggest the following result, whose proof should be just a routine homological calculation.
Conjecture 8. For T the infinite tree in Gð2; 1Þ we have PH n ðTÞ ¼ F 2 l F 2 ðn d 1Þ:
We note that Proposition 7 (iii) is related to [5, Theorem 2] . The groups in any infinite coclass tree can be canonically partitioned into infinite families. (For instance, the infinite tree in Gð2; 1Þ contains three infinite families: the dihedral groups, the quaternion groups and the quasi-dihedral groups.) Theorem 2 in [5] implies that H 2 ðG; FÞ takes on a single value for almost all groups G in an infinite family. Eick, Feichtenschlager [5] and others have conjectured that the periodic structure of coclass trees is preserved by the functor which maps a group G to the graded commutative ring H Ã ðG; FÞ. Theorem 2 in [5] confirms the conjecture in degree 2. Additional experimental evidence in support of the conjecture is provided in [3] . We conclude the paper by noting that (limited) experimental evidence suggests that the periodicity in coclass trees might be reflected in a periodic structure on bar codes for the persistence matrices P L n ðGÞ for the groups G at a su‰ciently high level in the tree. Instead of making this statement precise we illustrate it in Figure 7 for n ¼ 3 and G the mainline group at level 8 in an infinite tree in Gð2; 2Þ. The tree and most of the bar code exhibit a periodicity of period 2.
